þ þ H and D þ þ D collisions represent the simplest examples of collisions involving identical fermions and bosons, respectively. We report a study of these collisions in the range of energies corresponding to 0-40 K at a resolution of 100 mK based on a half-collision approach. Using the technique of pulsed-field-ionization zero-kinetic-energy photoelectron spectroscopy (PFI-ZEKE-PES), which relies on the pulsed field ionization of nonpenetrating Rydberg states of very high principal quantum number (n ≥ 250), we have measured the positions and widths of all low-lying shape resonances of this collision and compare them with the results of ab initio calculations that consider nonadiabatic, relativistic, and radiative corrections to the Born-Oppenheimer energies. Excellent agreement between calculated and measured widths and positions is found except for the X þ ðv þ ¼ 25; N þ ¼ 8Þ shape resonance, the width of which is calculated to be narrower than observed. þ and are shown to facilitate the radiative association at low temperature. The results are used to determine the elastic cross sections of the H þ þ H and D þ þ D collisions for partial waves up to N þ ¼ 11 and the radiative-association cross sections and rate constants in the range between 10 mK and 100 000 K.
I. INTRODUCTION
Shape resonances play an important role in low-temperature scattering and their study represents an important aspect of the rapidly growing field of cold chemistry (see, e.g., Refs. [1] [2] [3] [4] [5] [6] ). The molecular hydrogen ion H 2 þ and its deuterated and tritiated isotopomers represent the simplest molecular systems displaying shape resonances associated with the motion of the nuclei, i.e., quasibound rotational levels located energetically above the dissociation limit. Accurate calculations of these resonances are possible and offer the prospect of a detailed comparison with experimental results. Information on the shape resonances of the molecular hydrogen ion is also relevant for the determination of its partition function and of the H þ þ H elastic-scattering cross section, and for understanding the corresponding recombination reaction
one of the few chemical reactions of importance in the early Universe [7] [8] [9] [10] [11] [12] [13] . We report here on a half-collision approach to the full H þ þ H and D þ þ D quantum scattering and to the radiative-association reactions forming H 2 þ and D 2 þ , which has led to the determination of highly accurate scattering cross sections and reaction-rate coefficients over the temperature range from below 10 mK to above 100 000 K. This approach relies on the following steps:
( cross sections and their energy dependence in the collision energy range from below 10 μeV to above 10 eV, including all quantum effects, and (6) Determination of the absolute radiative-association cross section and the corresponding thermal rate coefficients over the complete temperature range indicated above, including all quantum effects. This approach differs fundamentally from recent approaches to study ion-atom collisions at very low temperatures using trapped ions immersed in ultracold atomic vapors (see, e.g., Refs. [14] [15] [16] [17] [18] ) but is applicable to a broader range of species. In particular, it enables the study of collisional and reactive processes involving the lightest atoms H þ and H, which are ideally suited for the investigation of quantum-mechanical effects.
Until recently, no experimental information was available on the shape resonances of the molecular hydrogen ion, primarily because of (i) the extreme difficulties associated with high-resolution, low-energy scattering experiments involving charged particles and open-shell atoms [19, 20] , and (ii) similar difficulties associated with high-resolution spectroscopic studies of long-range states of molecular ions [21] [22] [23] [24] [25] , which, in the case of H 2 þ and D 2 þ , are exacerbated by the absence of a permanent electric dipole moment.
In the case of H 2 þ , 58 shape resonances were predicted to exist by Moss [26] , who calculated the positions of the 39 narrowest ones. In a theoretical study of the H þ þ H collision, Krstić et al. later reported 96 resonances in the elastic and charge-transfer cross sections, 34 of which correspond to shape resonances, 40 to top-of-the-barrier resonances, and 22 to above-barrier resonances [27] . Recently, we have observed the two lowest-lying shape resonances of H 2 þ [28, 29] , i.e., the X þ ðv þ ¼ 18; N þ ¼ 4Þ and the X þ ðv þ ¼ 17; N þ ¼ 7Þ shape resonances, using PFI-ZEKE-PES [30] . Here and below, we designate the molecular levels of H 2 þ and D 2 þ using the electronic state labels (X þ and A þ ) followed by the vibrational (v þ ) and rotational (N þ ) quantum numbers in parentheses. In collisional processes, N þ also represents the collision partialwave label. In PFI-ZEKE-PES, one monitors the field ionization of very high Rydberg states, located energetically just below the ionic quantum levels to which the Rydberg series converge, as a function of the frequency of a tunable laser, as explained in Ref. [31] . Subsequently, the positions and widths of all resonances of H 2 þ were determined ab initio in calculations that included nonadiabatic, relativistic and quantum-electrodynamic corrections [28, 29, 32] . Quantitative agreement was reached between calculated and experimental values of the positions of both resonances and of the width of the (18, 4) resonance, but the measured width of the (17,7) resonance was found to be significantly larger [Γ obs ¼ 0.56ð8Þ cm −1 ] than predicted by the calculations (Γ calc ¼ 0.16 cm −1 ). This disagreement represented an obstacle that prevented us from validating the ab initio calculations and from carrying out the remaining steps (steps 4 to 6) of the halfcollision approach described above. To obtain more information on the causes of the disagreement just mentioned, we have now completed a study of the shape resonances of D 2 þ . Prior to this work, no information was available on the shape resonances of D 2 þ . The D þ þ D collision was studied in the collision-energy range 5-100 eV [33] . Carrington and co-workers [21, 22, 24, 25] reported the microwave electronic spectrum of the A þ -X þ band system of D 2 þ and compared experimental and calculated frequencies of the transitions between the highest bound vibrational levels of the X þ state and the lowest levels of the A þ state. Moss [34] , and Wolniewicz and Orlikowski [35] reported the positions of all bound levels of D 2 þ with rotational angular momentum N þ ≤ 5 and 8, respectively, including those of the seven bound states [35] , and their own calculations.
In this article, we report the observation of the X þ (25, 8) , (25, 9) , (26, 5) , and (24, 11) , and the A þ (0,5) low-lying shape resonances of D 2 þ and compare their positions and widths with those obtained in ab initio calculations. We find that the positions and widths of the resonances are well reproduced by the calculations, with the exception of the width of the X þ (25, 8) shape resonance, which is observed to be significantly larger than predicted by the calculations. These new data enabled us to understand the cause of the discrepancies between observed and calculated widths in H 2 þ and D 2 þ and to validate the ab initio calculations. We could thus carry out the last steps of the half-collision approach outlined above and fully characterize the H þ þ H and D þ þ D collisions and the corresponding radiativeassociation reactions.
II. EXPERIMENT
The experiments were carried out using the equipment and methods described in Refs. [29, 36] . A schematic representation of the experimental setup is depicted in Fig. 1 . The region around the dissociative-ionization threshold of D 2 , which is located 146 456.977 5ð7Þ cm [37] , was accessed using the resonant three-photon excitation sequence
through excited rovibrational levels of the intermediate
g states using three pulsed nanosecond tunable lasers operating in the vacuum-ultraviolet (VUV), visible (VIS), and UV ranges of the electromagnetic spectrum. The laser radiations in these frequency ranges are generated using four commercial pulsed dye lasers pumped by two different Nd:YAG lasers and several β-barium-borate (BBO) crystals for frequency up-conversion. The first two dye lasers are used to generate VUV radiation by two-photon resonant sum-frequency mixing (ν VUV ¼ 2ν 1 þ ν 2 ) in a pulsed jet of the nonlinear gas Xe using the two-photon resonance at a wave number of 2ν 1 ¼ 80118.984 cm −1 . The sum-frequency mixing takes place in a four-wavemixing chamber that is separated from the measurement chamber by a monochromator chamber. The toroidal monochromator grating separates the VUV laser beam from the two input beams, recollimates it and directs it into the measurement region, where it crosses a pulsed (pulse length 200 μs) supersonic beam of the sample gas (H 2 or D 2 ) at right angles. The other two lasers (labeled VIS and UV in Fig. 1 ) enter the measurement chamber through two opposite ports and also cross the supersonic beam of the sample gas at right angles. The VIS (laser 3 in Fig. 1 ) laser prepares a population in a selected rotational level of the v ¼ 12 level of theH state.
Spectra of the shape resonances of D 2 þ were recorded from selected rotational levels of theHðv ¼ 12Þ intermediate state using a narrow-band UV laser, delayed by 20 ns with respect to the VUV and VIS lasers to avoid ionization from the short-lived Bðv ¼ 25Þ state, by monitoring the field-ionization yield of high-lying Rydberg states as a function of the wave number of the UV laser using the method of PFI-ZEKE PES.
To this end, electric-field pulse sequences were applied across a stack of six equally spaced cylindrical electrodes carefully designed to produce homogeneous fields and depicted in the gray-shaded inset of Fig. 1 . The field ionization used to record the PFI-ZEKE PE spectra was induced by an electric-field pulse sequence consisting of ten successive steps (1, −50 mV=cm; 2, −70 mV=cm; 3, −80 mV=cm; 4, −90 mV=cm; 5, −110 mV=cm; 6, −130 mV=cm; 7, −200 mV=cm; 8, −270 mV=cm; 9, −670 mV=cm; and 10, −1.20 V=cm) generated with an arbitrary-function generator. The pulse sequence was typically applied one microsecond after the UV laser pulse to avoid the detection of prompt electrons. The electrons produced by the successive steps of the field-ionization sequence were extracted toward a microchannel-plate (MCP) detector and collected separately by setting temporal gates on the electron time-of-flight spectrum. The first step of the pulse sequence did not yield spectra of sufficient quality for subsequent analysis, so that nine PFI-ZEKE photoelectron spectra were obtained for each scan of the UV laser. The resolution of about 0.15 cm −1 of the spectra recorded with pulses 2-6 was primarily limited by the UV laser bandwidth. These spectra differ in the range of Rydberg states that are ionized by the successive pulses, which were designed so as to have maximum signal for Rydberg states with principal quantum numbers around n max ¼ 330, 310, 295, 280, and 270, respectively, as HALF-COLLISION APPROACH TO COLD CHEMISTRY: … PHYS. REV. X 8, 031085 (2018) 031085-3 explained in Ref. [38] . The resolution and the n max value of the spectra recorded with the last steps of the sequence gradually decrease (7, 0.3 cm
The excitation region and the electron flight tube were surrounded by two concentric mumetal magnetic shields, and the stray electric fields in the laser-excitation region were reduced to below 5 mV=cm.
III. CALCULATIONS
For the calculations of bound ðv þ ; N þ Þ and continuum ðk; N þ Þ states of the electronic state i the nuclear Schrödinger equation (in atomic units)
was solved, ensuring unit normalization for the bound state wave functions ϕ i v þ ;N þ ðRÞ and energy normalization for the continuum wave functions
where j N þ and n N þ are the Riccati-Bessel functions and
The first three terms in Eq. (2) represent the nuclearkinetic-energy operator, the effective potential for the nuclear motion (U ¼U BO þhH 0 1 iþhH 0 2 iþhH rel iþhH rad i), and the centrifugal potential. The Born-Oppenheimer potential U BO and the adiabatic correction terms hH 0 1 i þ hH 0 2 i are calculated as explained in Sec. 4 of Ref. [29] . For the X þ state, nonadiabatic corrections are calculated approximately by using the R-dependent vibrational (μ vib ) and rotational (μ rot ) reduced masses reported by Jaquet [39] , with which we obtain a closer agreement with the nonadiabatic energies determined for bound states by Moss [34] than with the reduced masses from Ref. [40] used in our previous study of D 2 [36] . Dissociation energies including relativistic and radiative corrections are determined by adding the terms hH rel i and hH rad i to the adiabatic potential curves as described in Ref. [29] , using the numerical values given in Ref. [32] . For the weakly bound A þ state, the relativistic and radiative corrections can be neglected in good approximation. The nonadiabatic corrections were taken into account approximatively by setting both μ vib and μ rot equal to
where m d is the deuteron mass.
To determine the positions and widths of the resonances, we repeated the procedure described in detail in Ref. [29] after replacing the proton mass by the deuteron mass. The procedure involves the numerical determination of the energy-dependent scattering phase shift η N þ ðEÞ by matching the nuclear wave function to the expression in Eq. (3) in the asymptotic region, where all but the centrifugal term of the potential have become negligible. Resonance positions E res are extracted using the collision-time-delay approach developed by Smith [41] , by locating the maxima of ½ðdη N þ Þ=ðdEÞ. The corresponding widths are obtained as Γ ¼ 2=½ðdη N þ Þ=ðdEÞ E¼E res . Figure 2 presents the energy dependence of the phase shifts of the first 12 channels, corresponding to the N þ ¼ 0-11 partial waves. Each graph depicts the evolution of η N þ ðEÞ modulo π for both the X þ (blue traces) and A þ (red traces) states as a function of the dissociation energy, a negative energy thus implying a continuum state. The general energy dependence of the scattering phase shifts can be interpreted as follows: According to Levinson's theorem, the phase shift at zero energy is given by πN N þ, where N N þ is the total number of states with angular momentum N þ bound by the potential. The phase shift further increases up to the top of the centrifugal barrier or slightly above. In this range, it can be decomposed into
scattering, which is independent of the strength of the potential U at short range and varies smoothly with the energy, and η pot N þ , which depends on U and gives rise to resonances. Close to the resonances, a strong energy dependence is expected in accordance with the BreitWigner formula. For energies far above the top of the centrifugal barrier, the phase shift decreases and eventually reaches zero, because the importance of the potential becomes negligible and the wave functions approach those of a free particle.
For N þ ¼ 5, the resonances in η pot N þ completely dominate the phase evolution below the barrier for both electronic states. In contrast, η
with the exception of a narrow resonance for the X þ state. At a given energy, the phase shift tends to zero as N þ increases, because the centrifugal term starts to dominate over U in Eq. (2) . From the small energy dependence of the phase shifts of the highest partial waves in Fig. 2 , one can conclude that a partial-wave expansion of the D þ þ D collision rapidly converges at low energies.
For the classification of resonance features we follow Davis and Thorson [42] , who distinguish between shape and orbiting resonances. 
A fifth shape resonance, associated with the A þ state, is also observed, as discussed below. Orbiting resonances associated with the X þ (N þ ¼ 3, 4, 6, 7, and 10) channels can also be identified in Fig. 2 .
To facilitate the identification of resonances, we calculated the relative photoelectron signal intensity of the dissociative-photoionization (DI) in the Franck-Condon approximation as
using the wave function ϕH v¼12 ðRÞ of the v ¼ 12 level of thē H state determined numerically from the potential function of the HH state reported by Wolniewicz [43] and energynormalized continuum functions ϕ i k;N þ ðRÞ. The exact calculation of the absolute DI cross section from theH state is not possible at present, because no ab initio transition dipole moments are available. The Coulomb approximation, commonly used for calculating transition moments for the excitation of Rydberg states [44, 45] , cannot be applied in a straightforward manner to the present problem because the ion-pair character of theH state implies large l mixing in a single-center basis.
The total integrated elastic cross section σ el for the D þ þ D collision (see extensive discussion in Refs. [27, [46] [47] [48] [49] ) is given by
where ω AE X þ and ω AE A þ are the spin-statistical weights of ortho-
IV. RESULTS
The left and right panels of Fig. 3 present the PFI-ZEKE photoelectron spectra of D 2 in the region of the dissociative-ionization (DI) threshold recorded via theHð12; 4Þ (ortho-D 2 ) and (12,5) (para-D 2 ) intermediate levels, respectively. In each panel, the spectra are ordered according to the electric-field step causing the field ionization (see Sec. II). The energy scale has been corrected for the field-induced shift of the ionization thresholds. The sharp lines below the DI threshold (i.e., at positive dissociation energies) correspond to weakly bound states of D 2 þ , the The assignment of these resonances was not only made on the basis of the calculations but also using the information contained in the PFI-ZEKE photoelectron spectra recorded from the N ¼ 0 to 6 rotational levels of theHð12Þ intermediate state depicted in Fig. 4 . These spectra are dominated, up to about 25 cm −1 above the DI threshold (left panels), by the shape and orbiting resonances of D 2 þ mentioned above, the relative intensities of which rapidly vary with N. The ion-pair character of theH state enables one to observe ionizing transitions associated with changes ΔNð¼ N þ − NÞ of the rotational quantum numbers up to 6, as explained in Ref. [29] . Consequently, transitions to shape resonances with
At higher energies (right panels in Fig. 4 ), the spectra all consist of the same slow and irregular oscillations of the photoelectron signal, which primarily reflect the FranckCondon factors for dissociative ionization from theHð12Þ state. This aspect is illustrated in the top right panel of the figure, which displays, as green trace, the photoelectron signal we obtain by adding the Franck-Condon factors calculated for the transitions from theHð12; 0Þ level to the N þ ¼ 0, 2, and 4 channels weighted by factors of 1, 0.3, and 0.15, respectively. The intensity distribution calculated in this way reproduces the minima and maxima observed experimentally well. A perfect agreement cannot be expected because the Franck-Condon approximation becomes inaccurate over the broad range of internuclear distances covered by theHð12Þ state.
The positions and widths (FWHM) of all shape resonances observed in these spectra are listed in Table I, experimental uncertainties. Their widths also agree well, with the exception of the X þ ð25; 8Þ shape resonance, which appears broader in the experimental spectrum. This discrepancy and a similar discrepancy observed for the X þ ð17; 7Þ shape resonance of H 2 þ [28] are both too large to be explained by the experimental uncertainties. The analysis of the widths of these two resonances in the PFI-ZEKE photoelectron spectra recorded for the different field steps of the field-ionization sequence further reveals that the broadening is independent of the values of n probed by these field steps, an observation we shall return to in the discussion of the broadening mechanism in Sec. VA.
Although the D þ þ Dðn ≥ 2Þ channels are strongly closed at the low energies studied here, their effects on the resonance positions and widths are noticeable at our resolution. Indeed, the good agreement between calculated and experimental values of the resonance positions and widths can only be reached when nonadiabatic interactions are included in the calculations. Nonadiabatic effects are even more pronounced in the H þ þ H system (see Refs. [28, 29] ). Figure 5 depicts the effective potentials In contrast to H 2 þ , which does not have any shape resonances associated with the A þ state, D 2 þ exhibits one such resonance, the A þ ð0; 5Þ resonance, which is clearly observable in the PFI-ZEKE photoelectron spectra of ortho-D 2 (see Figs. 3 and 4) .
V. DISCUSSION
Our approach to study the D þ þ D collision consists of observing spectra of the dissociating D 2 þ ion core within the orbit of a highly excited (n ≫ 200) Rydberg electron. In this section, we discuss important aspects of this approach in more detail. In Sec. VA, we analyze the possible influences of the Rydberg electron on the ion-core dissociation and of the ion-core dissociation on the Rydberg electron. Specifically, we show that the former is negligible within the precision and accuracy limits of our experiments, but that the latter can be significant and actually is the cause of the artificial broadening of the X þ ð25; 8Þ shape resonance of D 2 þ (see Table I ) and of the X þ ð17; 7Þ shape resonance of H 2 þ reported in Ref. [28] . In Sec. V B, we show that our half-collision approach to study the H þ þ H and D þ þ D collision system provides access to aspects of these collisions, in particular the elastic-scattering cross sections, that would be extremely difficult to observe in scattering experiments. Finally, in Sec. V C, we derive, from our results, the cross sections and thermal rate constants for the
A. Effect of the charge localization in the dissociating ion core on the Rydberg electron
The analysis of the spectral structures observed in the PFI-ZEKE photoelectron spectra presented in Sec. IV disregards a possible influence of the Rydberg electron on the D 2 þ dissociation dynamics. The Rydberg states that contribute to the spectra we used to determine the resonance widths and positions have n values beyond 270 and classical radii a 0 n 2 ≥ 3.8 μm. Under our experimental conditions, these Rydberg states are fully l mixed by the stray electric fields present in the photoexcitation region [50, 51] , so that one can safely assume that the Rydberg electron does not significantly penetrate in the D 2 þ core region for the internuclear distances relevant for the description of the shape resonances, i.e., for R ≤ 50 Å. The electric field of an electron at a distance of 3.8 μm is only 1 V=cm and its effect on the ion core is negligible. One can, therefore, safely conclude that the Rydberg electron does not significantly affect the positions nor the widths of the D 2 þ shape resonances but only acts as a spectator during the core-dissociation process.
However, one cannot conclude that the core dissociation does not affect the Rydberg electron. Experimentally, we have verified that the field-ionization signal observed above the core-dissociation threshold stems from the field ionization of D-atom Rydberg states, which implies a localization of the ion-core charge on one of the two fragments between photoexcitation and pulsed-field ionization. This localization represents a displacement of the center of charge from the center of mass of the dissociating D 2 þ core to one of the two fragments, as depicted schematically in Fig. 6 for the two extreme situations corresponding to a localization of the core charge on the fragment located closest to [panel (b)], or furthest away from [panel (c)], the "semiclassical" Rydberg electron. In these two situations, the effect is an abrupt change of the classical radius by AEv D t loc , where v D is the velocity of the fragments in the center-of-mass frame and t loc is the time at which charge localization takes place. The resulting change Δn ¼ n 0 − n of the principal quantum number of the electron can be obtained from Eq. (6)
and is accompanied by a change of the electron binding energy ΔE nn 0 given by
which results in a broadening of the shape resonances in the PFI-ZEKE photoelectron spectrum by 2ΔE nn 0. In Eq. (7), we Numerous effects may be responsible for the charge localization, such as inhomogeneous electric fields, the interaction with neutral atoms and molecules of the background gas, the coupling between the A þ and X þ states mediated by the hyperfine interaction, or a Fermi-contactlike interaction of the Rydberg electron with the dissociating D 2 þ ion core. Under our experimental conditions, we expect this last interaction to be dominant.
A theoretical explanation for the observed behavior involves the consideration of the individual terms of the complete nonrelativistic HamiltonianĤ TOT of the neutral molecule (H 2 or D 2 ) for the case where one electron is in a highly excited Rydberg statê
In Eq. (8)Ĥ ion is the full Hamiltonian of H 2 þ or D 2 þ ,Ĥ Rg contains the kinetic-energy operator of the Rydberg electron and the Coulomb potential arising from the ion-core charge, and the residual termĤ res , consists of the electronelectron repulsion term, the nonspherically symmetric part of the ion-core-Rydberg-electron potential, and the nonadiabatic corrections involving the two electrons.Ĥ res is the term responsible for the observed charge localization in the dissociating ion core. At very high n values, where R ≪ a 0 n 2 ,Ĥ Rg is given by Rydberg's formula and the interactionĤ res is very weak and restricted to the ion-core region.Ĥ res is thus describable by a Fermi-contact term. Such a term is proportional to the probability density of the Rydberg electron in the core region. For the fully l-mixed Stark state detected in our PFI-ZEKE-PE spectra, this density scales as n −4 [50] [51] [52] , which would imply that the charge localization time (or core-decoherence time) is proportional to n 4 , i.e.,
Combining Eqs. (6)- (9) leads to the conclusion that the broadening Γ b of the resonances by the charge-localization on one of the fragments is given by
and is independent of n to first order, which is consistent with the experimental observations (see Sec. IV). Moreover, the broadening only depends on the mass of the fragment through the dependence of the fragment Table I ). The simple model presented here to estimate the effects on the Rydberg electron of the charge localization in the dissociating core provides an explanation for all observations: It accounts for the fact that only two widths (out of seven) of the observed shape resonances measured by PFI-ZEKE photoelectron spectroscopy differ from the ab initio predictions. It provides an explanation for the fact that, in these two cases, the broadening is independent of n. Finally, the broadening observed for the X þ ð17; 7Þ resonance of H 2 þ can be used to estimate the broadening of the X þ ð25; 8Þ shape resonance of D 2 þ without adjustment of any parameter. To our knowledge, this effect has not been discussed yet in the literature.
B. D + + D scattering cross sections
The D þ þ D and H þ þ H collisions are the prototypical examples of collisions of identical bosons and fermions, respectively. Consequently, many theoretical studies have discussed them in detail [27, [46] [47] [48] [49] . The observation of cross sections for such collisions at low temperature has not been possible so far and is generally believed to be impossible in traditional scattering experiments [27] . The only experimental cross sections at low energy available so far concern the H þ þ D and D þ þ H reactions at collisions energies corresponding to temperatures beyond 100 K [53] . In collision experiments, difficulties arise from the contributions from a multitude of partial waves associated with both the X þ and A þ states. Moreover, experiments involving spin-polarized nuclei, needed to study the effects resulting from the (in)distinguishability of the nuclei, are beyond reach at low temperatures (see, e.g., discussion in Ref. [27] ).
The experimental study presented in Sec. IV represents a half-collision approach to characterize the D þ þ D collision. A key advantage of this approach is the possibility to study ortho-and para-D 2 þ separately. The ortho and para selection of the collision complex is, however, not equivalent to the use of spin-polarized deuterons and D atoms in a collision experiment because ortho-and para-D 2 þ consist of a mixture of the two hyperfine components (F ¼ 1=2; 3=2) of the Dð1sÞ atom. By using a resonant multiphoton excitation scheme through a given rotational level (N) of theH
complex at a well-defined energy and in a well-defined nuclear-spin state (para, I ¼ 1, or ortho I ¼ 0, 2) within the orbit of the (noninteracting) Rydberg electron, and (ii) restrict the number of partial waves in the half collisions through rovibronic photoionization selection rules [54] for an odd-l photoelectron partial wave (see Sec. IV), as summarized in Table II .
The advantages of the half-collision approach are best illustrated with the example of the N þ ¼ 5 partial wave. The two narrow X þ ðN þ ¼ 5Þ and A þ ðN þ ¼ 5Þ shape resonances are almost degenerate (see Fig. 7 ) and would be extremely difficult to resolve in a measurement of the total elastic cross section. They are, however, easily distinguished in the PFI-ZEKE photoelectron spectra because the X þ ðN þ ¼ 5Þ resonance appears in the photoelectron spectra of para-D 2 , and the A þ ðN þ ¼ 5Þ resonance in the spectra of ortho-D 2 (see Fig. 4) .
By identifying the features associated with individual partial waves, e.g., the widths and positions of individual shape resonances, and reproducing these features in ab initio calculations, we validate the calculated elastic-scattering phase shifts η Fig. 2 ). These phase shifts are all that is needed to calculate the elastic-scattering cross sections [see Eq. (5)] and it is instructive to compare these cross sections with the Franck-Condon factors for DI calculated with Eq. (4) (see Fig. 7 ).
The bound-continuum Franck-Condon factors for accessing the individual N þ channels of the X þ and A þ states from theHðv ¼ 12Þ state are depicted as blue and red traces in Fig. 7 . The low-energy onset of the DI cross section gradually shifts to higher energies with increasing value of N þ following a E N þ þ1=2 threshold law. The Franck-Condon factors for partial waves not affected by resonances (e.g., N þ ¼ 0 and 1) are small and show slow oscillations reflecting the projection of theHð12Þ nuclear wave function onto the repulsive part of the X þ and A þ potentials. Close to the X þ ðN þ ¼ 5; 8; 9; 10Þ and A þ ðN þ ¼ 5Þ shape resonances, the Franck-Condon factors are dominated by sharp spectral structures. The line shapes are often symmetric but can also appear as Fano profiles, as is the case for the X þ ðN þ ¼ 11Þ shape resonance. The orbiting resonances display a different behavior (see, e.g., N þ ¼ 6). They enhance the Franck-Condon factors because of the larger amplitude of the continuum wave functions at smaller internuclear distances. The resulting spectral features are strongly asymmetric and cannot be parametrized using conventional line-shape models, so that the specification of a linewidth becomes problematic.
The green traces in Fig. 7 depict the contributions of the individual partial waves to the elastic cross section calculated with Eq. (5). The low-energy onset of σ el gradually shifts to higher energies with increasing value of N þ as σ el ∝ E ð2N þ þ1Þ ¼ ðE ðN þ þ1=2Þ Þ 2 , as expected from the Wigner threshold law [55] . Compared to the DI cross sections, the factor E N þ þ1=2 enters twice in σ el because the TABLE II. Selection of specific partial waves of the half collision of ortho-and para-D 2 þ by carrying out the multiphoton excitation sequence through selected rotational levels (N) of thē
Ionic stateHðNevenÞ; I ¼ 1HðNoddÞ; centrifugal barrier has to be traversed twice, once to form the collision complex, once when the complex dissociates. Although the positions and widths of the shape resonances are identical in the Franck-Condon factors SðEÞ and the elastic cross section σ el , the actual line shapes can be different. For example, the X þ ðN þ ¼ 8Þ shape resonance appears as a Fano profile in σ el because of the background phase shift at the position of the resonance, but as a Lorentzian line in SðEÞ. For partial waves not affected by resonances, the Franck-Condon factors obviously differ from σ el . Moreover, the intensity maxima of broad orbiting resonances are typically observed at slightly lower energies in σ el than in SðEÞ. This behavior can be explained by the nodal structure of theHð12Þ nuclear wave function. þ and H 2 þ in the corresponding radiative associations following earlier treatments [7, 8, [56] [57] [58] .
To treat the formation of a diatomic molecule by radiative association of two colliding atoms [in the present case D þ and Dð1sÞ], one considers the two atoms approaching each other in an initial partial wave of angular-momentum quantum number N 0 in the dissociation continuum of a given electronic state i and at a collision energy E coll ¼ k 2 =ð2μ vib Þ, where k is the asymptotic wave number of the collision (for clarity, we omit the label þ to designate the ionic quantum numbers in this section). The partial cross section for a radiative transition to a bound rovibrational state ðv 00 ; N 00 Þ of the electronic state f with a binding energy E v 00 ;N 00 is given in the electric-dipole approximation by [8, 57, 58] σðf; v 00 ; N 00 ; i; k;
where S N 00 ;N 0 is the Hönl-London factor and M fi N 00 ;N 0 is the vibronic transition moment, which we calculated in the adiabatic approximation. Because the electron spin is not affected by electric-dipole transition and the spin-orbit coupling is insignificant in the X þ and A þ states of H 2 þ and D 2 þ , the degeneracy factor g es cancels out when normalizing the spontaneous emission rate per particle and does therefore not appear in Eq. (11). The collision energy E coll (positive) and the binding energy E v 00 ;N 00 (negative) are both defined with respect to UðR ¼ ∞Þ, so that the energy of the emitted photon is given by E ph ¼ E coll − E v 00 ;N 00. In the case of
g charge-transfer transition moment lies parallel to the internuclear axis and behaves at large R values as ∼R=2 [59] . The transition dipole-moment function D fi ðRÞ was calculated using the BO electronic wave functions obtained in Ref. [29] , as outlined in Ref. [60] .
The total radiative-association cross section σ i for a collision in the electronic state i is obtained by summing over all allowed transitions between the partial waves N 0 and the final states (v 00 , N 00 ), weighted by the probability p N 0 ;i for an approach of the two particles in the electronic state i. In the case of the radiative associations Hð1sÞ þ H þ and Dð1sÞ þ D þ , the sum over N 00 is restricted to R-branch (N 0 ¼ N 00 þ 1) and P-branch (N 0 ¼ N 00 − 1) transitions by the ΔN ¼ AE1 selection rule for Σ − Σ transition. The contributions from the electron spin S were neglected, so that J ¼ N and ΔS ¼ 0.
If the two nuclei are distinguishable, p N 0 ;i is independent of N 0 . In the cases of D þ D þ and H þ H þ , p N 0 ;i would be equal to 1=2 because the approaches of the two atoms in the X þ and A þ states are equally likely. However, in both cases, the nuclei are indistinguishable and it is necessary to consider the restrictions imposed by the Pauli principle. For two identical nuclei with nuclear spin I 1 ¼ I 2 , the total wave function must be either symmetric (s) or antisymmetric (a) with respect to the permutation of the nuclear coordinates if I 1 is integer [as is the case for D (I 1 ¼ 1) ] or half-integer [as is the case for H (I 1 ¼ 1=2) ], respectively. The probabilities of approach in a given electronic state thus become dependent on N 0 and are given by the spinstatistical weights of the molecular wave functions, as summarized in Table III. The radiative-association cross sections for the formation of D 2 þ (red for the A þ and blue for X þ state) and H 2 þ (green for both states) calculated with Eq. (11) for an approach in the A þ and X þ states are depicted in Fig. 8 . As expected and already noticed in previous studies [8, 57, 58] , we find that the radiative association cross section σ A þ is much larger than σ X þ , because of the very limited number of bound rovibrational levels of the A þ state. The maximum values of the cross section (about 6 × 10 
and D 2 þ ) are at ∼7 eV, where the classical inner turning point of the (repulsive) potential is located vertically above the equilibrium geometry of the X þ state. At lower collision energies, Fig. 8 reveals an enhancement of σ A þ resulting from the A þ ð0; 5Þ shape resonance. A similar effect, though less prominent, is found in H 2 þ and can be attributed to the A þ ð0; 3Þ orbiting resonance. The cross sections for H 2 þ agree with those published in Ref. [8] , although deviations are found at lower collision energies. The differences in this region can be attributed to the use of Eq. (11) in Ref. [8] without taking the nuclearspin statistics into account. In D 2 þ , an additional enhancement is observed at 0.1 K and can be attributed to the orbiting resonance A þ ð1; 2Þ located at ≈ − 0.065 cm −1 (see Fig. 7 ).
At low collision energies, the cross sections of the X þ → A þ process are almost 3 orders of magnitude smaller than for the A þ → X þ process for both D 2 þ and H 2 þ . At higher collision energies, the cross sections further decrease because the slowly oscillating part of the X þ continuum wave functions shifts toward smaller internuclear distances. An enhancement of σ X þ ðD 2 þ Þ at the position of the X þ ð26; 5Þ resonance, which can radiate to the A þ ð0; 4Þ bound state, is clearly visible. Although σ X þ ðD 2 þ Þ is small in absolute numbers, the enhancement at E coll ¼ hc · 1.336 cm −1 results from a single transition, i.e., X þ ð26; 5Þ → A þ ð0; 4Þ and might offer a possibility for the observation of D 2 þ . The behavior of D 2 þ differs from that of H 2 þ , for which the lowest shape resonance [X þ ð18; 4Þ, observed in Ref. [28] ], cannot be stabilized by emitting a photon. Indeed, the A þ bound state with the largest rotational angular momentum is A þ ð0; 2Þ and cannot be reached from N 0 ¼ 4 in an electric-dipole transition.
The thermal rate coefficient αðTÞ at temperature T can be calculated from the cross sections using [8] αðTÞ ¼ 8
where σðE coll Þ ¼ σ A þ ðE coll Þ þ σ X þ ðE coll Þ and is depicted in Fig. 9 . The thermal averaging reduces the effects of the shape resonances, which are only noticeable in the rate coefficients as weak oscillations at temperatures below 1 K. The rate coefficients for the formation of H 2 þ are typically slightly larger than for D 2 þ , an effect that is primarily caused by the larger reduced mass of D 2 þ . However, a simple scaling with the reduced mass is not sufficient to obtain reliable rate constants for the formation of D 2 þ from the rate coefficients calculated for H 2 þ . For the formation of H 2 þ , we find excellent agreement with the rate coefficients reported by Ramaker and Peek [7] above 20 K. At lower temperatures, the rate coefficients can differ by as much as 15%, primarily because the restrictions imposed by the Pauli principle were neglected in Ref. [7] (and also in Ref. [8] ). The dotted lines in Fig. 9 correspond to calculations in which the restrictions imposed by the Pauli principle were neglected.
Given the very similar magnitudes of the rate coefficients for the formation of H 2 þ and D 2 þ , one may wonder why the recombination reaction D þ þ D is not considered in models of the chemistry in the early Universe [11, 12] . Lepp et al. [12] for instance, consider 41 the red shift. Given that H 2 þ is thought to have been predominantly formed by radiative association in the early Universe [12] and that the ratio of D to H is about 10 −5 [11] , one might naively expect that the concentration of D 2 þ might be 10 −10 that of H 2 þ , which would still make it one of the most abundant molecules at high red shifts. Accurate values of the rate coefficients for the H þ þ H radiative association at low temperatures, such as those presented here, may also become relevant in future experiments aiming at forming the antimatter moleculeH 2 − made of a positron and two antiprotons.
VI. CONCLUSIONS
We have presented a half-collision study of the D þ þ D and H þ þ H collision systems at low energies and high resolution by PFI-ZEKE photoelectron spectroscopy using a multiphoton excitation sequence through selected rotational levels of theHðv ¼ 12Þ intermediate level. In the PFI-ZEKE photoelectron spectra, we observed the lowlying shape resonances of D 2 þ and H 2 þ as sharp spectral structures superimposed onto a slowly varying signal resulting from the nodal structure of the wave function of theH state. The shape resonances were assigned on the basis of ab initio calculations including nonadiabatic, relativistic, and radiative corrections as well as experiments in which the rotational quantum number of the intermediate state was changed from 0 to 6.
Good agreement between experimental and calculated values of the positions and widths of all resonances was achieved after correction for the broadening of the resonances in the PFI-ZEKE photoelectron spectra resulting from n changes caused by the localization of the charge of the dissociating ion core. This good agreement led to a validation of the calculated scattering phase shifts for both the X þ and A þ states, which are required to calculate scattering and radiative-association cross sections. In contrast to H 2 þ , D 2 þ possesses shape resonances in both the X þ and A þ state that have electric-dipole allowed transitions to bound states of D 2 þ . The shape resonances of D 2 þ thus play a role in the radiative-association reaction D þ þ D → D 2 þ at low temperature. The cross sections and thermal rate coefficients presented in Figs. 7-9 cover a range of collision energies and temperatures spanning more than seven orders of magnitude. They correspond to a full quantum treatment, validated through comparison with experiment, and extend from the low-temperature regime, where the cross sections are dominated by quantum-mechanical effects, to the hightemperature regime, where their behavior is essentially classical.
